The thermodynamic properties (magnetization, magnetic susceptibility, transverse and longitudinal correlation lengths, specific heat) of one-and two-dimensional ferromagnets with arbitrary spin S in a magnetic field are investigated by a second-order Green-function theory. In addition, quantum Monte Carlo simulations for S = 1/2 and S = 1 are performed using the stochastic series expansion method. A good agreement between the results of both approaches is found. The field dependence of the position of the maximum in the temperature dependence of the susceptibility fits well to a power law at low fields and to a linear increase at high fields. The maximum height decreases according to a power law in the whole field region. The longitudinal correlation length may show an anomalous temperature dependence: a minimum followed by a maximum with increasing temperature. Considering the specific heat in one dimension and at low magnetic fields, two maxima in its temperature dependence for both the S = 1/2 and S = 1 ferromagnets are found. For S > 1 only one maximum occurs, as in the two-dimensional ferromagnets. Relating the theory to experiments on the S = 1/2 quasi-one-dimensional copper salt TMCuC [(CH3)4NCuCl3], a fit to the magnetization as a function of the magnetic field yields the value of the exchange energy which is used to make predictions for the occurrence of two maxima in the temperature dependence of the specific heat.
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I. INTRODUCTION
The study of low-dimensional quantum spin systems 1 is of growing interest and is motivated by the progress in the synthesis of new materials, where ferromagnetic compounds attract increasing attention. For example, besides the spin S = 1/2 quasi-one-dimensional (1D) ferromagnetic systems, such as the copper salt TMCuC, 2,3 the organic magnets p-NPNN 4,5 and β-BBDTA·GaBr 4 , 6 and the CuCl 2 -sulfoxide complexes, 7 recently the S = 1/2 quasi-2D ferromagnet Cs 2 AgF 4 , which has a structure similar to the high-T c parent compound La 2 CuO 4 , was studied 8 and found to be magnetically reminescent of K 2 CuF 4 . 9 In ferromagnetic systems with S 1 mainly the effects of single-ion spin anisotropies were investigated, such as in the quasi-1D S = 1 easy-plane ferromagnet CsNiF 3 10 and in 2D easy-axis Heisenberg models in a magnetic field 11, 12, 13 for describing the spin reorientation transition in thin ferromagnetic films (see Ref. 14 and references therein).
The 2D anisotropic S 1 Heisenberg ferromagnets in a magnetic field were investigated by Green-function methods, 11, 13, 15 where the exchange term was treated in the random-phase approximation (RPA), 16 and by quantum Monte Carlo (QMC) simulations. 12 In a previous paper 17 we have developed a second-order Greenfunction theory of 1D and 2D S = 1/2 ferromagnets in a magnetic field which goes one step beyond the RPA and provides a rather good description of magnetic shortrange order (SRO) and of the thermodynamics. This can be seen from the comparison with the exact calculations by the Bethe-ansatz method for the quantum transfer matrix in the 1D model and with the exact diagonalizations on finite lattices. In particular, for the S = 1/2 ferromagnetic chain two maxima in the temperature dependence of the specific heat at very low magnetic fields were found. On the contrary, the RPA was shown to fail in describing the SRO, reflected, e.g., in the specific heat, whereas the magnetization and the magnetic susceptibility are quite well reproduced. Recently, a similar Green-function approach for S = 1/2 ferromagnets was presented 18 which improves the theory of Ref. 17 concerning the agreement with exact methods. The results obtained for S = 1/2 are stimulating to investigate ferromagnets with S > 1/2 in a magnetic field, for which a second-order Green-function theory of SRO is not yet developed. Second-order Green-function approaches for ferromagnets with arbitrary spin exist in the case of zero magnetic field only, 19, 20 where in Ref. 20 ferromagnetic chains with an easy-axis single-ion anisotropy were studied.
In this paper we extend both our previous theory for S = 1/2 (Ref. 17) to arbitrary spins and the theory of Ref. 19 for zero field to arbitrary fields. We start from the ferromagnetic Heisenberg model with arbitrary spin S,
(1)
[ ij denote nearest-neighbor (NN) bonds along a chain or on a square lattice; throughout we set J = 1] with S 2 i = S(S + 1). We calculate thermodynamic properties (magnetization, magnetic susceptibility, correlation length, specific heat) at arbitrary temperatures and fields. For comparison, we perform QMC simulations of the S = 1/2 and S = 1 models on a chain up to N = L = 1024 sites and on a square lattice up to N = L × L = 64 × 64.
The rest of the paper is organized as follows. In Sec. II the second-order Green-function theory for model (1) is developed, where the extensions of previous second-order Green-function approaches 17, 18, 19 to arbitrary spins and fields imply novel technical aspects. Moreover, considering the case S = 1/2 the theory is extended as compared with Refs. 17 and 18 by the introduction of two additional vertex parameters and, correspondingly, by taking into consideration two additional conditions for their determination. This extension is shown to have qualitative effects on the temperature dependence of the longitudinal correlation length (see Sec. IV.B). In Sec. III the employed QMC method is briefly described. In Sec. IV the thermodynamic properties of the 1D and 2D ferromagnets are investigated as functions of temperature and field, also in comparison with RPA, and are related to experiments. Particular attention is paid to the calculation of the transverse and longitudinal correlation lengths which were not considered in Refs. 17 and 18. Finally, a summary of our work is given in Sec. V.
II. SECOND-ORDER GREEN-FUNCTION THEORY
To determine the transverse and longitudinal spin correlation functions and the thermodynamic quantities, we employ the equation of motion method for two-time retarded commutator Green functions. 16 First we calculate the transverse spin correlation functions. Because we treat arbitrary spins in nonzero magnetic fields, so that we have S z = 0, we consider the Green functions
ω introduced by Tyablikov within the firstorder theory, i.e. the RPA (see Appendix), where S
with n = 0, 1, ..., 2S − 1, and the Green functions iṠ
which we calculate for the first time in the second-order theory. The equations of motion read
ω iṠ
The moments
−q ] are given by the exact expressions
where
and z is the coordination number. Deriving Eqs. (4) and (5) the operator identity
has been used. In Eq. (3) the second derivative −S + q is approximated as indicated in Refs. 17, 19, 20, 21, 22, 23, 24 . That means, in −S + i we decouple the products of operators along NN sequences i, j, l as
where the vertex parameters α
and α
+− 2
are attached to NN and further-distant correlation functions, respectively. The products of operators with two coinciding sites, appearing for S 1, are decoupled as 19, 20 
where the vertex parameter λ +− is introduced. We obtain
with (ω
nm . In the special case S = 1/2, in −S + i products of spin operators with two coinciding sites do not appear which is equivalent to setting λ +− = 0. Finally, we get the Green functions
with the moments given by Eqs. (4) and (5) . The transverse dynamic spin susceptibility χ +− q (ω) = − S + q ; S − −q ω is given by Eq. (12) for n = 0. Because we consider nonzero magnetic fields within the second-order theory, the behavior of the Green functions (12) with the poles (14) exhibits, for arbitrary spin, a peculiar aspect. Considering the static Green functions S 
This equation may be fulfilled in region I of the h − T plane defined by h < h 0 (T ), where h 0 (T ) is determined by Eq. (16) with g 0 = 2 which is realized at the corner of the Brillouin zone with γ q = −1. In region II, h > h 0 (T ), we have h > ω +− q for all q. For nonzero fields the Heisenberg ferromagnet described by Eq. (1) has no phase transition. This means, χ +− q has to be finite at all q. We require this regularity to hold also for the static Green functions with n = 1, ..., 2S − 1. That is, in region I we require A (n) q2 = 0 with q given by Eq. (16) . This results in the regularity conditions,
Note that Eq. (17) for S = 1/2 agrees with the condition given in Ref. 18 which is obtained from an analyticity argument and is written as an expression for S z . In the limit T → ∞, the field h 0 separating the regions I and II may be easily obtained. For T → ∞ we have spin rotational symmetry so that (S z ) 2 = From the Green functions (12) and (13) the transverse correlators C
are calculated by the spectral theorem,
where n(ω) = (e βω − 1) −1 and β = 1/T . Now we derive some useful sum rules.
Using
n (n = 0, 1, ..., 2S − 1) and Eq. (18) we get the relation
By the identity 
where the coefficients α (S) k are given in Ref. 25 . From the system of the 2S equations (19) we can determine the magnetization m = −2µ B S z . Similarly, in the second-order theory higher-derivative sum rules may be derived which, for nonzero fields, provide 2S additional equations for determining the vertex parameters and some longitudinal correlators (see below). Multiplying S
and using Eqs. (13) , (14) , (18) and (6) we obtain
The correlator C (n 2S − 1) by the identity
where the coefficients δ 
if the result (12) for S
To calculate the longitudinal spin correlation functions C (2) and (3) and perform a second-order decoupling which is equivalent to the projection method with the basis (S z q , iṠ z q ) neglecting the self-energy, as indicated in our previous papers. 17, 20 In −S z i we adopt the decouplings 17, 19, 20 analogous to Eqs. (7) and (8),
where i, j, l form NN sequences, and
We obtain
with
and
As for the transverse correlations [cf. Eq. (11)], in the case S = 1/2 we have λ zz = 0. The correlation functions
Let us consider the magnetic susceptibility χ = 4µ 2 B χ S with χ S = ∂ S z /∂h, which we denote by isothermal susceptibility, and its relation to the Kubo susceptibility (27) . From the first and the second derivatives of the partition function with respect to h we obtain the exact relation
and the Fourier transform readsC
. By Eqs. (27) and (32) . That is, within our theory the isothermal and Kubo susceptibilities agree at arbitrary fields and temperatures. Using Eqs. (27) to (29) we have
The equality (34) is an additional equation for determining the parameters of the theory. Considering the ground state, at T = 0 we have the exact results zz , they can be determined only in the limit T → 0, since Eqs. (31) and (32) for
To evaluate the thermodynamic properties for arbitrary spin, the transverse correlators C
), and the parameters α νµ 1 and ∆ νµ (µν = −+, zz) have to be determined as solutions of a coupled system of self-consistency equations for arbitrary temperatures and fields. Note that for S > 1/2 the parameters α with n = 0, ..., 2S − 1, α νµ 1 , and ∆ νµ , we have 6S + 3 equations, namely the regularity conditions (17) , the sum rules (19) and (21) , and the equality (34) . That is, for S > 1/2 we have 2S − 1 more equations than quantities to be determined. To obtain a closed system of self-consistency equations for S > 1/2, i.e. to reduce the number of equations (in addition to those for C (n)−+ 10 ) to 4(S + 1), we consider two choices. First we take into account the higher-derivative sum rule (21) with n = 0 only. As revealed by numerical evaluations, the specific heat of the 1D model strongly deviates from the QMC data for S = 1, and for S > 1 it even becomes negative at low fields and temperatures. Therefore, we adopt another choice, which yields a good agreement of all thermodynamic quantities with the QMC data for S = 1 and which is used for S 1 throughout the paper. Namely, we take into account the higher sum rules (21) Let us finally make some comments on the evaluation of the theory for different spin values. (22)) the sum rules (19) and (21) for n = 0 simplify, where the higher sum rule (21) reduces to
qi n(ω qi ). (36) Note that this sum rule may be also obtained from the exact representation (23) of the internal energy which in the case S = 1/2 becomes (cf. Ref. 17 ) (12) for n = 0 is inserted into Eq. (37). The spectra ω +− q and ω zz q are given by Eqs. (10), (11), (29) , and (30) with λ +− = 0 and λ zz = 0. We have to solve a closed system of coupled self-consistency equations for the seven quantities S z , C (20) and (22) which are used to reduce the sum rules (19) and (21) for n = 2S − 1, respectively, for S = 1 and S = 3/2. For S = 1 we have (S 
3 S(S + 1) following from Eq. (6), the Eqs. (10), (11), (29) , and (30) yield the spectrum ω 
III. QUANTUM MONTE CARLO SIMULATIONS
In order to assess the accuracy of the approximations employed in the Green-function theory presented in the previous section we perform QMC simulations. The Heisenberg ferromagnets with S = 1/2 and S = 1 placed on chains or square lattices with periodic boundary conditions are simulated using the stochastic series expansion (SSE) method, 27,28 which utilizes the hightemperature series expansion
where the first sum is over a complete set of states |α , usually taken as the eigenvectors of the S z i operator. By decomposing the Hamiltonian into diagonal and offdiagonal bond operators, introducing constant unit operators to assure positivity, and reexpanding (40) , one finally ends up with a non-local loop representation which allows very efficient sampling. 27, 28 To minimize the effect of self-crossing and back-tracking, the directed loopupdating scheme is employed.
After initial thermalization with about 10 6 Monte Carlo steps, the measurements are made after each step. During the simulation, the energy, magnetization, and correlation functions are measured and stored in a time series file, from which the specific heat and magnetic susceptibility can be computed using the fluctuationdissipation relation. The correlation lengths are extracted from the exponential falloff of the correlation functions and for comparison also by means of the second-moment method. 29 Only for correlations smaller than one lattice spacing, small systematic deviations are visible. All those observables can be easily expressed by states of the spins on the lattice and the number and types of operators. 30 The whole simulation usually takes of the order of 10 7 Monte Carlo steps. The statistical error bars are estimated by the Jackknife method.
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The results presented in this paper are generated for S = 1/2 chains of length up to L = 1024 and for S = 1 up to L = 64. In two dimensions we simulate square lattices of edge length up to L = 64. By comparing the results for different lattice sizes we made sure that for the investigated range of temperatures and fields, the thermodynamic limit of the considered observables lies within the statistical error bars of the numerical results.
IV. RESULTS
As described in Sec. II, the quantities of the Greenfunction theory determining the thermodynamic properties have to be calculated numerically as solutions of a coupled system of non-linear algebraic self-consistency equations. To this end, we use Broyden's method 32 which yields the solutions with a relative error of about 10 
A. Magnetic susceptibility
Let us first consider the susceptibility χ S in the case h = 0, χ S = 2C 10 /∆ ( see Sec. II). In one dimension, the low-temperature expansion yields lim
(Ref. 19) . Note that this result agrees with that obtained by the modified spin-wave theory (MSWT). The 2D zero-field susceptibility in the second-order Green-function theory increases exponentially for T → 0, χ S ∝ exp(2πS 2 /T ) (Ref. 19) , where the exponent is smaller by a factor of two as compared with that found in the MSWT 33 and in the renormalization-group approach.
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Now we consider nonzero fields and calculate the susceptibility χ S = ∂ S z /∂h. First we show the magnetization. For S = 1/2, as an example, S z in the 1D model is depicted in the inset of Fig. 3 . For the S = 1 ferromagnet our analytical and QMC results in comparison with the RPA are plotted in Fig. 4 . Let us emphasize the excellent agreement of the theory for the chain (Fig. 4(a) ) with the QMC data over the whole temperature and field regions. For the 1D ferromagnet the RPA is a remarkably good approximation for S z , as was also found in the case S = 1/2. 17 In two dimensions (Fig. 4(b) ), as compared with the QMC data, the results of our theory at higher temperatures are somewhat worse than those of the RPA. This is in contrast to the 2D S = 1/2 ferromagnet for which we obtain slightly better results than the RPA at all temperatures and fields (improving our previous findings 17 ). The susceptibility for h = 0 vanishes at T = 0. Therefore, χ S (T ) has a maximum at T ity condition (17) is used instead of the higher sum rule (36) , is plotted as well. It is remarkable that χ S in this approach is in a better agreement with the exact methods than the susceptibility in our extended theory with α νµ 2 = α νµ 1 . However, considering the correlation length the situation changes qualitatively (see below). For S = 1 the susceptibility is plotted in Figs. 5 and 6. In one dimension (Fig. 5) , the good agreement between Greenfunction theory and QMC corresponds to the results depicted in Fig. 4(a) . As compared with the QMC data for the 2D model (Fig. 6) , in RPA the maximum position T χ m is somewhat better reproduced than in our theory. To analyze the field dependence of T χ m and χ S (T χ m ) in more detail as in our previous paper, 17 the calculations are extended to a much broader field region, 0.001 h 10. As can be seen in Fig. 7(a) , at low fields the theory may be well fitted by the power law
where the field regions and the values of a and γ are given in Table I . Let us point out that the theory for the 1D S = 1/2 model is in reasonable agreement with the Bethe-ansatz result at h 0.1, 17 a = 0.765 and γ = 0.576. In the high-field region, T χ m obeys a linear dependence (cf. inset of Fig. 7(a) ),
withã andb given in Table I . Note that the linear law (42) was not found in Ref. 17 . Our results for the maximum height χ S (T χ m ) as a function of h may be well described in the whole field region 0.001 h 10.0 (see Fig. 7(b) ) by the power law
where the coefficients are given in Table II . The values of b and β for S = 1/2 slightly deviate (by about 5% on the average) from those found previously. 17 Again, 
B. Correlation length
To obtain the transverse and longitudinal correlation lengths ξ +− and ξ zz we consider the long-distance correlators C (31) and (35), and for T → ∞. By the asymptotic ansatz
and the logarithmic plot of the correlators as functions of R = |R| the inverse correlation lengths are evaluated numerically from linear fits. In the literature, often the correlation length is determined from the expansion of the static spin susceptibility around the magnetic wavevector (see, e.g., Refs. 23, 21, and 20) . In the ferromagnetic case we expand the static susceptibilities χ +− q (resulting from Eqs. (10)- (12), (14), and (15)) and χ zz q (given by Eqs. (27)- (29) (39)] is plotted. For T 0.25, i.e. ξ > 1, ξ χ nearly coincides with ξ. With increasing temperature, i.e., with decreasing ξ < 1, the deviation of ξ χ from ξ appreciably increases. In the high-temperature limit we get ξ In two dimensions, the zero-field correlation length in the second-order Green-function theory increases exponentially for T → 0, ξ ∝ exp(πS 2 /T ) (Ref. 19) . As is the case for the magnetic susceptibility, the exponent is smaller by a factor of two as compared with the MSWT 33 and the renormalization-group approach.
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For h = 0 the transverse and longitudinal correlation lengths reveal qualitatively different temperature dependences. Considering the transverse correlation length ξ +− shown in Fig. 9 , the magnetic field cuts off the divergence of the zero-field correlation length at T = 0 which corresponds to the absence of a phase transition and is evident from Eq. (46), ξ +− χ (T = 0) = S/h agreeing with the RPA result (A.4) derived in the Appendix. As can be seen in the inset of Fig. 9(a) , in the 1D S = 1/2 model we obtain a good agreement of our analytical results for T = 0.4 and h 1. . Concerning the dimensional dependence, in contrast to the case h = 0, ξ +− in one and two dimensions exhibits qualitatively the same behavior as T → 0. In the 2D model [ Fig. 9(b) ], the deviation of ξ +− χ from ξ +− increases with decreasing temperature, i.e., with increasing ξ +− > 1 which is clearly seen at h = 0.01 and is opposite to the behavior in the h = 0 case.
In Fig. 10 ferromagnet is shown, where the QMC data are found to be in a fair agreement with our theory. This refers, in particular, to the S = 1/2 model, where our results obtained by the simplified approach of Ref. 18 are plotted as well. Considering h = 0.05, at low temperatures those results remarkably deviate from the QMC data and our extended theory with α νµ 2 = α νµ 1 . In contrast to ξ +− , the behavior of ξ zz as T → 0 is not conclusive which is due to numerical uncertainties at low temperatures, where the long-distance correlatorsC relevant correlators, being smaller than about 10 −4 , reveal an unreasonable behavior. This may be ascribed to our choice of a closed system of self-consistency equations for S > 1/2, as described in Sec. II. Whereas the relative deviation of the NN correlators C becomes very large at low temperatures. Depending on the field and spin, the temperature dependence of ξ zz in the 1D ferromagnet reveals a maximum at T ξ m > 0. This anomaly can be clearly seen in the 1D S = 1 model at low fields [ Fig. 10(b) ]. On the other hand, in the 1D S = 1/2 model the maximum appears at high fields, h > 0.8 [see inset of Fig. 10(a) ]. Moreover, as can be seen from Fig. 10 , keeping the field h = 0.05 fixed, the maximum develops with increasing spin. Note that a maximum of ξ zz at a finite temperature is not obtained by the approach of Ref. 18 . To our knowledge, such an anomaly in the correlation length has not been found before. To get some insight into the maximum of ξ zz , we first suggest that larger correlation lengths may be connected with larger correlation functions. Correspondingly, we consider the maximum of C This result is corroborated by the conditions for a maximum which may be derived from the ansatz (45). We get
zz /∂T and, for R → ∞, ∂ξ/∂T = 0. As can be easily verified, the maximum condition ∂
To compare the QMC and Green-function methods yielding the anomaly of ξ zz in the 1D S = 1 model [ Fig. 10(b) ] in more detail, in Fig. 11 the distance dependence of the corresponding correlatorC (0)zz R at h = 0.05 is depicted. For T = 0.5 a very good agreement of both methods is found.
In two dimensions, the anomaly of ξ zz in the S = 1/2 ferromagnet is more pronounced than in the 1D system and appears already at low fields, as can be seen in Fig. 12 . In contrast to the 1D case, both the QMC data and the Green-function theory clearly reveal a minimum in addition to the maximum. Note that the statistical QMC errors in the interesting temperature region are smaller than the size of the symbols. Figure 12 demonstrates the qualitative effects of our extended theory (α Whereas this approach yields a slightly better agreement of the magnetization with the QMC data (see inset), it fails to describe the minimum-maximum anomaly. Figure 13 shows the field and spin dependence of the temperature behavior of ξ zz in the 2D ferromagnet. As results from the theory, the anomaly of ξ zz becomes more pronounced with decreasing field and with increasing spin. Let us point out that our QMC data for h = 0.05 yield a minimum and a maximum of ξ zz for both the 
As an example, for the 1D S = 1 model they are depicted in Fig. 14 , where we obtain a very good agreement of the analytical results with the QMC data. On the contrary, the RPA results for C (0)−+ 10 remarkably exceed the QMC data, and for C (0)zz 10 the RPA yields negative values being incompatible with the ferromagnetic SRO.
In Fig. 15 the specific heat C = ∂u/∂T for the 1D S = 1/2 ferromagnet at low fields is plotted. Again, our QMC data agree very well with the Bethe-ansatz results. 17 At very low magnetic fields, the low-temperature maximum appearing, in the exact approaches at h 0.008, in addition to the high-temperature maximum is much better described by the theory than we have found in Ref. 17 . In our Green-function theory this maximum appears up to higher fields, h 0.071, and the deviation of the maximum position T Figure 16 displays the specific heat of the 1D S = 1 ferromagnet. At low magnetic fields, 0.007 h 0.057, besides the high-temperature maximum, a low-temperature maximum appears (see Fig. 16(a) ). The position T C m,1 of this maximum obtained by the Green-function theory nearly agrees with the QMC results. As in the S = 1/2 case, 17 in RPA a double maximum is not obtained (see inset of Fig. 16(a) maximum are much higher than the QMC values which is ascribed to a poor description of SRO in RPA (see also Fig. 14) . The specific heat of the 1D S = 3/2 ferromagnet is shown in Fig. 17 . There is no low-temperature maximum, but only a hump at low enough fields. For higher spins qualitatively the same behavior is found. The specific heat for the 2D S = 1 ferromagnet is plotted in Fig. 18 . As in the case S = 1/2, 17 in two dimensions only one maximum appears. At small fields the position of the maximum in the Green-function theory is remarkably shifted to higher temperatures as compared with the QMC data. Note that the RPA curves at low fields (see upper inset of Fig. 18 ) exhibit a too large maximum height, as was also found in the 1D model (inset of Fig. 16(a) ).
From our investigations of the maximum behavior of the specific heat in dependence on spin and dimension we conclude that the appearance of two maxima is a distinctive effect of quantum fluctuations which decrease with increasing spin and dimension. Note that in ferromagnets quantum fluctuations occur at nonzero temperatures only, whereas in antiferromagnets they are important already at T = 0. The characterization of the occurrence of two maxima in the temperature dependence of the specific heat of the Heisenberg ferromagnet as a peculiar quantum effect is corroborated by recent QMC simulations of the 1D classical Heisenberg model and the 1D S = 1/2 Ising model in a magnetic field, 40 where only one maximum in the specific heat was found. 
D. Comparison with experiments
Let us compare our results with experiments on S = 1/2 quasi-1D ferromagnets, where we focus on the possible observation of two maxima in the temperature dependence of the specific heat as a characteristic feature of 1D ferromagnets in a magnetic field.
The copper salt TMCuC [(CH 3 ) 4 NCuCl 3 ] was shown 2,3 to be a good 1D Heisenberg ferromagnet which is reflected in the small value of the Néel temperature T N = 1.24K for 3D ordering.
3 Determining the exchange energy J by a least-squares fit of the theory for S = 1/2 to the experimental data for the magnetization as a function of the magnetic field H at T = 4.1K, 2 we obtain J = 6.18meV and a very good agreement with experiments, as can be seen in the inset of , for H 4kOe. In Fig. 19 the specific heat, as predicted by the theory using the fit value of J, is plotted. The low-temperature maximum for H = 2kOe, 3kOe, and 4kOe occurs at T C m,1 = 2.0K, 2.5K, and 2.9K, respectively. The hightemperature maximum (not shown in Fig. 19 ) appears at about T C m,2 = 37.4K with C(T C m,2 ) = 1.18J/molK for all fields considered. In the quasi-1D system the anomaly of the specific heat at T N , which cannot be described by our theory for a purely 1D system, may mask the lowtemperature maximum, if T (2.3). From this we predict that in TMCuC above T N two maxima in the specific heat at moderate magnetic fields, H = 3 − 4kOe, may be observed. Considering the quasi-1D organic ferromagnet p-NPNN (C 13 H 16 N 3 O 4 ) in the γ phase with J = 0.37meV, 4, 5 where the phase transition at T N = 0.65K for H = 0 persists up to H = 1.8kOe (T N ≃ 0.5K), two maxima of the specific heat above T N cannot be observed, because, at h 0.008, (H 0.26kOe), we have T C m,1 0.19K < T N . The analogous situation, in which the low-temperature maximum in the specific heat of the 1D ferromagnet cannot be seen, is found for the following compounds. Considering the ferromagnetic chains in the quasi-1D magnet β-BBDTA·GaBr 4 with J = 0.375meV, 6 we have T 
V. SUMMARY
In this paper we have developed a second-order Greenfunction theory for the 1D and 2D Heisenberg ferromagnets in a magnetic field which extends our previous approach 17 to arbitrary spins and by the calculation of the correlation length. In addition, we have performed QMC simulations of the S = 1/2 and S = 1 models on a chain up to N = 1024 sites and on a square lattice up to N = 64×64 using the stochastic series expansion method with directed loop updates. The approximate analytical and quasi-exact numerical results turned out to be in good agreement, in particular for the ferromagnetic quantum spin chains. Analyzing the field dependence of the maximum in the temperature dependence of the magnetic susceptibility over a much broader field region as considered previously 17 we have found power laws for the position and height of the susceptibility maximum. The transverse and longitudinal correlation lengths were shown to have qualitatively different temperature dependences. Depending on spin, field, and dimension, the longitudinal correlation length ξ zz reveals an unexpected anomaly: with increasing temperature, ξ zz exhibits a minimum followed by a maximum. By a detailed investigation of the specific heat of the Heisenberg chain with arbitrary spin, two maxima in its temperature dependence at low magnetic fields were detected for S = 1/2 and S = 1, whereas for S > 1 only one maximum appears, as in the 2D case. The existence of two specificheat maxima was identified as a distinctive quantum effect. The theory was compared with magnetization experiments on the 1D copper salt TMCuC, and predictions for the temperature dependence of the specific heat, in particular for the occurrence of two maxima, were made which should be measurable experimentally.
